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GENERALISED CONTACT GEOMETRY AS REDUCED GENERALISED
COMPLEX GEOMETRY
KYLE WRIGHT
Abstract. Generalised contact structures are studied from the point of view of reduced gen-
eralised complex structures, naturally incorporating non-coorientable structures as non-trivial
fibering. The infinitesimal symmetries are described in detail, with a geometric description
given in terms of gerbes. As an application of the reduction procedure, generalised coKa¨hler
structures are defined in a way which extends the Ka¨hler/coKa¨hler correspondence.
1. Introduction
Generalised geometry, introduced by Hitchin in [17] and developed in [16], has proved to be a
very successful extension of differential geometry on the generalised tangent bundle TM ⊕ T ∗M .
Generalised complex structures, defined on even dimensional manifolds, unify and interpolate
between symplectic and complex structures. Much of the interest in generalised geometry, par-
ticularly in relation to T-duality in string theory, is due to the enlarged symmetry group of the
structures on TM ⊕ T ∗M and the associated deformations.
The odd-dimensional counterpart, generalised contact geometry, is less well developed (see how-
ever [26, 27, 23]), particularly in the description of the associated symmetries. This note presents
generalised contact structures as S1-invariant reductions of generalised complex structures. A
geometric interpretation of twisted generalised contact structures is given through bundle gerbes
and splitting the associated vector bundle.
The content of the note is the following: In Section 2 generalised geometry on the generalised
tangent bundle E ∼= TM ⊕ T ∗M is reviewed. Section 3 introduces the generalised geometry
associated with E ∼= TM ⊕ R ⊕ R ⊕ T ∗M , extending the treatment in [18] and [15], to include
the full set of symmetries. Generalised contact structures are described as S1-invariant reductions
of generalised complex structures in Section 4. The extended κ-symmetries noted by Sekiya [24]
correspond to reductions of non-trivial S1-bundles. In Section 5 twisted generalised coKa¨hler
structures are described as reductions of generalised Ka¨hler structures. This gives an generalised
analogue of the correspondence between coKa¨hler structures on M and Ka¨hler structures on a
principal circle bundle S1 →֒ P → M . The role of the extended symmetries are discussed in the
context of T-duality in Section 6. The main result being that generalised coKa¨hler structures
are mapped to other generalised coKa¨hler structures under T-duality. Finally, in Section 7, the
relationship between the twisted contact structures in this note, and geometry on the generalised
derivation bundle DL ∼= DL⊕ J1L (introduced in [29]) is given.
2. Generalised tangent spaces and Courant algebroids
Generalised geometry is the study of geometric structures on a vector bundle equipped with
an algebroid structure. Courant algebroids underly the generalised geometries associated with
generalised complex structures and generalised contact structures.
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Definition 2.1. A Courant algebroid is a quadruple (E, ◦, 〈·, ·〉, ρ), where E → M is a vector
bundle, ◦ : Γ(E) × Γ(E) → Γ(E) is a Dorfman product, 〈·, ·〉 a non-degenerate metric, and
ρ : E → TM is an anchor, satisfying:
e1 ◦ (e2 ◦ e3) =(e1 ◦ e2) ◦ e3 + e2 ◦ (e1 ◦ e3); (2.1)
ρ(e3)〈e1, e2〉 =〈e3 ◦ e1, e2〉+ 〈e1, e3 ◦ e2〉; (2.2)
e1 ◦ e1 =D〈e1, e1〉; (2.3)
for ei ∈ Γ(E), where D is defined by 〈Df, e1〉 = 12ρ(e1)f .
Standard generalised geometry is the study of geometric structures on the generalised tangent
bundle E →M given by the following exact sequence:
0 // T ∗M
ρ∗
// E
ρ
//
s∗
dd TM
s
cc
// 0 . (2.4)
Courant algebroids on E, specified by (2.4), are called exact Courant algebroids. Every ex-
act Courant algebroid admits a splitting s : TM → E, satisfying ρs = id, and is isotropic
〈s(X1), s(X2)〉 = 0 for all X1, X2 ∈ Γ(TM). Two exact Courant algebroids are equivalent if they
differ by a choice of isotropic splitting.
A choice of splitting defines an isomorphism E ∼= s(TM) ⊕ ρ∗(T ∗M) := TM . Using the
identification Γ(e) = s(X) + ρ∗(ξ) := (X, ξ), for X ∈ Γ(TM) and ξ ∈ Γ(T ∗M), the standard
Courant algebroid is given by
(X1, ξ1) ◦H (X2, ξ2) =
(
[X1, X2],LX1ξ2 − ιX2ξ1 − ιX1ιX2H
)
; (2.5a)
〈(X1, ξ1), (X2, ξ2)〉 =1
2
(ιX1ξ2 + ιX2ξ1); (2.5b)
ρ(X, ξ) =X, (2.5c)
where H ∈ Ω3cl(M), is given by
H(X1, X2) = s
∗(s(X1) ◦ s(X2)),
(for details see [5]). The Leibniz identity for ◦H (2.5a), gives the Maurer-Cartan identity dH = 0.
The Dorfman product, ◦H , is natural in the sense that it is the derived bracket of dH := d+H∧
(with d the de Rham differential), acting on Γ(∧•T ∗M) [20].
Consider splitting (2.4) with two different isotropic splittings si : TM → E, i = 1, 2, satisfying
ρ(s1−s2) = 0. Exactness implies that there exists a unique B ∈ Ω2(M) satisfying s1(X)−s2(X) =
ρ∗(B(X)), for all X ∈ Γ(TM). It can be shown that
H1 −H2 = dB.
Equivalent exact Courant algebroids are classified by [H ] ∈ H3(M,R), a point first noted by
Sˇevera [25].
The equivalence of the exact Courant algebroid under isotropic splittings corresponding to some
B ∈ Ω2(M) is closely related to the concepts of symmetries in generalised geometry structures.
2.1. Courant algebroid symmetries.
Perhaps the most interesting aspect of generalised geometry is the enhanced symmetry group.
The symmetry group of the Lie algebroid, given by the commutator of vector fields on TM , is
Diff(M). Exact Courant algebroids have a symmetry group given by Diff(M)⋉ Ω2cl(M) if H = 0.
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Definition 2.2. A Courant algebroid symmetry is a bundle automorphism S : E → E such that
〈S(X1), S(X2)〉 = 〈X1,X2〉, S(X1) ◦ S(X2) = S(X1 ◦ X2). (2.6)
Given a diffeomorphism f : M → M , the induced action on a section (X, ξ) ∈ Γ(TM) is given
by
Xp + ξp → (Tpf)(Xp) + (Tf(p)f−1)∗(ξp).
There is an infinitesimal action of B ∈ Ω2(M) on (X, ξ) ∈ Γ(TM), given by B(X, ξ) = (0, ιXB).
The corresponding finite action, called a B-transformation, is eB(X, ξ) = (X, ξ + ιXB), and
satisfies
〈eB(X1, ξ1), eB(X2, ξ2)〉 =〈(X1, ξ1), (X2, ξ2)〉;
eB(X1, ξ1) ◦H eB(X2, ξ2) =eB((X1, ξ1) ◦H+dB (X2, ξ2)).
If H = 0 a B-transformation is a Courant algebroid symmetry iff B ∈ Ω2cl(M). The Lie group
composition of closed two forms is
eB
′
eB
′′
= eB
′+B′′ , B′ · B′′ = B′ +B′′.
The H-twisted exact Courant algebroid and the B-transformations have a close connection to
U(1)-gerbes. If one requires that H has integral periods, [H/2π] ∈ H3(M,Z), then there is a gerbe
describing the patching of T ∗M to TM , giving TM [17].
Consider a good cover of M , denoted U = ∪αUα, with Uαβ...γ = Uα ∩ Uβ · · · ∩ Uγ . A gerbe is
described by the cocycle gαβγ = exp(iΛαβγ) ∈ U(1), a connection is given by Aαβ ∈ Ω1(Uαβ) and
Bα ∈ Ω2(Uα), satisfying
Bβ −Bα =dAαβ on Uαβ ,
Aβγ −Aαγ +Aαβ =dΛαβγ on Uαβγ .
H = dBα = dBβ on Uαβ is independent of the cover and is a globally defined 3-form.
Given a representative of a class [H ] ∈ H3(M,R) it is possible to reconstruct the bundle
E. Choose an open cover U and a representative H ∈ H3dR(M,R), which consists of a 4-tuple
(Λαβγ , Aαβ , Bα, H) in the Cˇech-de Rham complex (over R). The bundle E is constructed by the
clutching construction
E =
⊔
α
(TUα ⊕ T ∗Uα)/ ∼,
identifying (Xα, ξα) ∈ (Γ(TUα),Γ(T ∗Uα)) with (Xβ , ξβ) ∈ (Γ(TUα),Γ(T ∗Uα)) on overlaps iff
Xβ = Xα and ξβ = ξα + ιXαdAαβ . Consistency on triple overlaps Uαβγ follows from dAβγ −
dAαγ + dAαβ = (dδA)αβγ = (d
2Λ)αβγ = 0. On TM |Uα the splitting is given by
s|Uα : Xα → Xα + ιXαBα,
and consistency on overlaps follows from Bβ −Bα = dAαβ .
A closed B-field such that B/2π has integral periods should be considered as a gauge trans-
formation. This means that the notion of equivalence of generalised structures should not be just
the diffeomorphisms connected to the identity, but extended by H2(M,Z).
The importance of the H-twist appearing in the exact Courant algebroid (2.5a) is in identifying
it as H(X1, X2) = s
∗(s(X1), s(X2)) for some non-trivial bundle E →M .
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Remark. In string theory applications the requirement that [H/2π] ∈ H3(M,Z) arises naturally
as the requirement ensuring a single valued path-integral. [H/2π] ∈ H3(M,Z) is interpreted
as the Neveu-Schwarz flux, with a local two-form potential, B, satisfying H |Uα = dBα. B-
transformations in H2(M,Z) are viewed as gauge transformations, and should be quotiented out
when considering physically distinct states. Generalised geometry can be seen as a way of encoding
flux geometrically.
2.2. Generalised geometric structures.
Almost all differential geometry structures have a counterpart in generalised geometry, defined on
the vector bundle TM . Of most interest are generalised complex structures, generalised metric
structures, and generalised Ka¨hler structures, with [16] being the standard introductory reference.
In addition to the exact Courant algebroid structure, the generalised tangent bundle admits a
Clifford action of sections (X, ξ) ∈ Γ(TM) on differential forms ϕ ∈ Ω•(M), given by
(X, ξ) · ϕ = ιXϕ+ ξ ∧ ϕ, (2.7)
satisfying (X, ξ)2 · ϕ = 〈(X, ξ), (X, ξ)〉ϕ := ||(X, ξ)||2ϕ. Forms ϕ ∈ (∧mT ∗) 12 ⊗ Ωod/ev(M), where
m = dim(M), describe spinors [16]. Associated to each spinor is the annihilator bundle
Lϕ := Ann(ϕ) = {(X, ξ) ∈ Γ(TM) : (X, ξ) · ϕ = 0}.
A pure spinor is given by ϕ ∈ Ωod/ev(M) ⊗ C that is non-degenerate with respect to the Mukai
pairing (ϕ, ϕ)M 6= 0, where
(ϕ1, ϕ2)M = (α(ϕ1) ∧ ϕ2)m, (2.8)
where α is the Clifford anti-automorphism α(dx1 ⊗ dx2 ⊗ · · · ⊗ dxk) = dxk ⊗ dxk−1 ⊗ · · · ⊗ dx1,
m = dim(M), and (·)m denotes the projection onto Ωm(M). Given a pure spinor ϕ, and a function
f ∈ C∞(M) we have
(X, ξ) · fϕ = f(X, ξ) · ϕ, (fϕ, fϕ)M = f2(ϕ, ϕ)M .
If f is nowhere zero, then fϕ describes the same maximal isotropic subspace as ϕ. There is a local
one-to-one correspondence between maximally isotropic subspaces of TM and conformal classes
of pure spinors.
Definition 2.3. A generalised almost complex structure on TM is given by J ∈ End(TM),
satisfying J ∗ = −J and J 2 = −id.
A generalised almost complex structure can equivalently be described by a maximal isotropic
complex subbundle L ⊂ TM ⊗ C, satisfying L ∩ L¯ = {0}, for
LJ = {X ∈ Γ(TM ⊗ C) : J (X) = iX}.
There is a local one-to-one correspondence between generalised almost complex structures and con-
formal classes of complex pure spinors, where a complex pure spinor satisfies the non-degeneracy
condition (ϕ¯, ϕ)M 6= 0.
A generalised almost complex structure, J , isH-involutive if all sections X of the +i-eigenbundle
LJ are involutive with respect to ◦H : X1,X2 ∈ LJ ⇒ X1 ◦H X2 ∈ LJ .
Definition 2.4. A generalised complex structure is an H-involutive generalised almost complex
structure.
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A pure spinor, ϕ, is said to be H-involutive if there exists some v ∈ Γ(TM ⊗ C) such that
dϕ+H ∧ ϕ = v · ϕ. (2.9)
Given an H-involutive pure spinor ϕ and a nowhere zero complex function f ∈ C∞(M), we have
dfϕ+H ∧ fϕ = f(dϕ+H ∧ ϕ) + df ∧ ϕ = fv · ϕ+ df ∧ ϕ := v′ · fϕ,
where v′ = v + f−1df .
There is a local one-to-one correspondence between Generalised complex structures and con-
formal classes of H-involutive pure spinors.
Example 2.1. Given an (almost) symplectic structure ω ∈ Ω2(M), we can define a generalised
(almost) complex structure with the spinor, ϕω = e
iω. (ϕω , ϕ¯ω)M = ω
m/2 6= 0 as ω is non-
degenerate. The +i-eigenbundle is given by
Lω = {(X, ξ) ∈ Γ(TM ⊗ C) : ξ = iω(X, ·)}.
Example 2.2. Given an (almost) complex structure J ∈ End(TM), satisfying, J∗ = −J , J2 = −id,
we can define a generalised (almost) complex structure with the spinor ϕJ = Ω, where Ω ∈
Ω(m,0)(M), is any generator of the (m, 0)-forms for the complex structure J . (ρJ , ρ¯J)M = Ω ∧ Ω¯.
The +i-eigenbundle is given by
LΩ = T
(0,1)M ⊕ T ∗(1,0)M
The tangent bundle TM has a structure group GL(m). A reduction of the structure group
GL(m) to its maximal compact subgroup O(m), defines a choice of Riemannian metric. The
generalised tangent bundle TM , equipped with metric 〈·, ·〉, has structure group O(m,m).
Definition 2.5. A Generalised metric G is a positive definite metric on TM , corresponding to a
choice of reduction of the structure group from O(m,m) to O(m)× O(m).
The inner product 〈·, ·〉 determines a splitting TM = C+ ⊕ C−, where C+ is positive definite
with respect to 〈·, ·〉, and C− is negative definite. The generalised metric structure is defined by
G(X1,X2) := 〈X1,X2〉|C+ − 〈X1,X2〉|C− . (2.10)
Using the metric 〈·, ·〉 to identify TM with T∗M , a generalised metric can be identified with
G ∈ End(TM) satisfying G∗ = G, and G2 = id. It follows from (2.10) that C± correspond to the
±1-eigenbundles of G.
Given a Riemannian metric g, a generalised metric G can be defined by the identification
C± = {(X, ξ) ∈ TM : ξ = ±g(X, ·)}.
Definition 2.6. A generalised almost Ka¨hler structure is a pair of almost generalised structures
satisfying J1J2 = J2J1, and −J1J2 = G, for a generalised metric G.
The role of extended symmetry is important as it provides deformations of generalised metric
and generalised complex structures. This provides a way to generate examples, and gives a notion
of equivalence which goes beyond diffeomorphisms.
Example 2.3 (Twisted generalised metric). A generalised metric, defined by a Riemannian metric,
g, can be twisted by a 2-form B, to give another generalised metric.
CB± = {(X, ξ) ∈ TM : ξ = ±g(X, ·) +B(X, ·)}.
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Example 2.4 (Twisted generalised complex structure). Given a pure spinor ϕ defining an (almost)
complex structure, we can define ϕB = e−B ∧ ϕ, for B ∈ Ω2(M), satisfying
(ϕB , ϕ¯B)M = (ϕ, ϕ¯)M , dH′ (e
−B ∧ ϕ)− v′ · (e−B ∧ ϕ) = e−B(dHϕ− v · ϕ),
where H ′ = H + dB, and v′ = eB · v = eB(X, ξ) = (X, ξ + ιXB).
A generalised H-involutive complex structure ϕ can be deformed to a (H + dB)-involutive
complex structure e−B ∧ ϕ.
A generalised (almost) complex structure is of geometric type-k, if tL(x) := codimC(ρ(Lx)).
Generically the type can change at each point x ∈M .
Example 2.5. Locally every generalised (almost) complex structure of type-k, can be associated
(non-canonically) to a pure spinor ϕJ = Ω∧eB+iω , where ω ∈ Ω2(M), Ω is a complex decomposable
form of degree k, and ωm/2−k ∧ Ω ∧ Ω¯ 6= 0.
In Section 5 generalised coKa¨hler structures will be defined in a way that mirrors the common
definition in terms of Ka¨hler structures. This Section concludes with the definition of generalised
Calabi-Yau structures, and hyperKa¨hler structures.
Definition 2.7. A generalised almost Calabi-Yau structure consists of two pure spinors (ϕ1, ϕ2),
which define two generalised complex structures (J1,J2) forming a generalised almost Ka¨hler
structure. In addition, the lengths of these sections are related by a constant
(ϕ1, ϕ¯1)m = c(ϕ2, ϕ¯2)m,
where c ∈ R can be scaled to either +1 or −1 by rescaling ϕ1.
A generalised Calabi-Yau structure is a generalised almost Calabi-Yau structure where (ϕ1, ϕ2)
are both H-involutive.
Example 2.6 (Calabi-Yau). A Calabi-Yau manifold is a Ka¨hler manifold of complex dimension m
with symplectic form ω and holomorphic volume form Ω satisfying ωm = 2−mimm!Ω ∧ Ω¯. This
gives a generalised Calabi-Yau structure with ϕ1 = e
iω, and ϕ2 = Ω, satisfying
(eiω, e−iω) = (−1)m(m−1)2 (Ω, Ω¯).
Example 2.7 (hyperKa¨hler). Given a hyperKa¨hler structure (M, g, I, J,K) a generalised Ka¨hler
structure can be constructed:
ϕ1 = e
B+iω1 , ϕ2 = e
−B+iω2 ,
where B = ωK , ω1 = ωI − ωJ , ω2 = ωI + ωJ .
3. Generalised contact geometry
The H-twisted exact Courant algebroid, and the associated Dirac structures play a fundamental
role in generalised complex geometry. The corresponding objects in generalised contact geometry
are the contact Courant algebroid, and contact Dirac structures.
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For sections X = (X, f, g, ξ) ∈ (Γ(TM), C∞(M), C∞(M),Γ(T ∗M)), the contact Courant alge-
broid is given by [4, 5]:
X1 ◦H3,H2,F X2 =
(
[X1, X2], X1(f2)−X2(f1)− ιX1 ιX2F,X1(g2)−X2(g1)− ιX1ιX2H2,
LX1ξ2 − ιX2dξ1 − ιX1 ιX2H3 + g2df1 + f2dg1 (3.1a)
+ f1ιX2H2 − f2ιX1H2 + g1ιX2F − g2ιX1F
)
;
〈X1,X2〉 =1
2
(ιX1ξ2 + ιX2ξ1 + f1g2 + g1f2); (3.1b)
ρ(X) =X ; (3.1c)
where the twists (H3, H2, F ) ∈ (Ω3(M),Ω2(M),Ω2(M)) are globally defined forms required to
satisfy the Maurer-Cartan identities:
dH3 +H2 ∧ F = 0, dH2 = 0, dF = 0. (3.2)
This is a twisted version of the contact Courant algebroid that has appeared previously in the
generalised contact literature [18, 19, 15]. The twists (H3, H2, F ) play an essential role in describing
symmetries and deformations of generalised contact structures.
First consider the case that H3 = H2 = F = 0. There is an action of B ∈ Ω2(M), a, b ∈ Ω1(M)
on X = (X, f, g, ξ) ∈ Γ(E):
e(B,b,a)(X, f, g, ξ) =
(
X, f + 2〈X, a〉, g + 2〈X, b〉, ξ + ιXB − fb− ga− 〈X, a〉b− 〈X, b〉a
)
. (3.3)
The action satisfies
〈e(B,b,a)X1, e(B,b,a)X2〉 = 〈X1,X2〉, e(B,b,a)X1 ◦(0,0,0) e(B,b,a)X2 = e(B,b,a)(X1 ◦H′3,H′2,F ′ X2),
where
H ′3 = dB +
1
2
(da ∧ b+ a ∧ db), H ′2 = db, F ′ = da.
When H3 = H2 = F = 0 the bracket (3.1a) has the symmetry group
Diff(M)⋉ (Ω2cl(M),Ω
1
cl(M),Ω
1
cl(M)).
The group action is generated by the algebra action
(B, b, a) · (X, f, g, ξ) = (0, ιXa, ιXb, ιXB − fb− ga),
with
e(B,b,a)X1 = X1 + (B, b, a) · X1 + 1
2!
(B, b, a)2 · X1 + . . .
where the algebra composition is given by
(B2, b2, a2) · (B1, b1, a1) = (B1 +B2 − 1
2
(b1 ∧ a2 + a1 ∧ b2), b1 + b2, a1 + a2),
and is non-abelian.
For non-trivial (H3, H2, F ) the symmetries are described by a non-abelian gerbe. The construc-
tion follows from Baraglia’s general argument for twisting closed form Leibniz algebroids [2]. The
twists are constructed from
(H3, H2, F ) = (dBα − 1
2
aα ∧ dbα − 1
2
daα ∧ bα, dbα, daα), (3.4)
where
(Bα, bα, aα) ∈ (Ω2(Uα),Ω1(Uα),Ω1(Uα)),
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are required to satisfy (3.2) and satisfy cocycle conditions
(Bαβ , bαβ, aαβ) · (Bβγ , bβγ, aβγ) · (Bγα, bγα, aγα) = 0 on Uαβγ , (3.5)
where
(Bαβ , bαβ, aαβ) = (Bα −Bβ + 1
2
bα ∧ aβ + 1
2
aα ∧ bβ, bα − bβ, aα − aβ).
This defines a twisted bundle with sections patched using
(Xα, fα, gα, ξα) = e
(Bαβ,bαβ ,aαβ)(Xβ , fβ, gβ , ξβ) on Uαβ ,
to define a global section (X, f, g, ξ) ∈ Γ(E). The twists do not define (B, b, a) uniquely, and it is
possible to make a different choice (B′, b′, a′) as long as (Bαβ , bαβ, aαβ) = (B
′
αβ , b
′
αβ , a
′
αβ). This
gives the relation
(B′α, b
′
α, a
′
α) = (Bα +B
′′ − 1
2
bα ∧ a′′ − 1
2
aα ∧ b′′, bα + b′′, aα + a′′), (3.6)
where (B′′, b′′, a′′) are globally defined forms satisfying
(dB′′ +H3 − 1
2
da′′ ∧ b′′ − 1
2
a′′ ∧ db′′, db′′ +H2, da′′ + F2) = 0. (3.7)
Definition 3.1. For a fixed set of twists (H3, H2, F ) ∈ (Ω3(M),Ω2(M),Ω2(M)) satisfying (3.2), a
(B, b, a)-transformation corresponds to a choice of (Bα, bα, aα) ∈ (Ω2(Uα),Ω1(Uα),Ω1(Uα)) which
generate the twists (H3, H2, F ) i.e., satisfying conditions (3.4) and (3.5). The choice of (B, b, a)-
transformation is not unique. Two transformations (B, b, a) and (B′, b′, a′) will produce the same
twists (H3, H2, F ) if they are related by a set (B
′′, b′′, a′′) ∈ (Ω2(M),Ω1(M),Ω1(M)) satisfying
(3.7). A transformation (B′′, b′′, a′′) satisfying (3.7) defines a (B′′, b′′, a′′)-gauge transformation.
The description above shows that the twisted contact Courant algebroid can be seen as a
bracket on via a clutching function construction. The insight here is to interpret the contact
Courant algebroid bracket as an S1-reduction of the standard twisted Courant algebroid. The
identification is made as follows: Consider a Courant algebroid associated to the vector bundle E
given as
0 // T ∗P
ρ∗B // E
ρB
//
(sB)
∗
cc TP
sB
bb
// 0,
with the standard H-twisted Courant algebroid structure (2.5), identifying
H3(X1,X2) = s∗B(sB(X1), sB(X2)), X1,X2 ∈ Γ(TP ).
If P (M,π,U(1)) is a principal U(1)-bundle, then there are Atiyah algebroids associated to TP and
(TP )∗ ∼= T ∗P :
0 // P × R ra // TP/U(1) pi∗ //
ta
gg
TM
sa
hh
// 0,
0 // P ∗ × R (tb)
∗
// T ∗P/U(1)
(sb)
//
(rb)
∗
hh
T ∗M
(pib)
∗
ii
// 0.
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identifying
H2(X1, X2) = t
∗
b(sb(X1), sb(X2)), F (X1, X2) = t
∗
a(sa(X1), sa(X2)),
for X1, X2 ∈ Γ(TM). The induced map on sections is
0 // C∞(P,R)U(1) ≃ C∞(M) r // XG(P ) ≃ X(M)⊕ C∞(M) pi∗ // X(M) // 0 ,
allowing the identification
Γ(E) ∼= Γ(TP/U(1))⊕ Γ((TP/U(1))∗) ∼= Γ(TM)⊕ C∞(M)⊕ C∞(M)⊕ Γ(T ∗M).
In this way the twisted contact Courant algebroid can be identified with
0 // (TP/U(1))∗ // E // TP/U(1) // 0 .
The twisted contact Courant algebroid is constructed out of (H3, H2, F ) and makes no reference
to (Bα, bα, aα). Another choice (B
′
α, b
′
α, a
′
α) giving the same (H3, H2, F ) will give an isomorphic
twisted contact Courant algebroid. Any two choices (Bα, bα, aα) and (B
′
α, b
′
α, a
′
α) give the same
twists iff they are related by a (B′′, b′′, a′′)-gauge transformation. The notion of equivalence
of generalised contact geometry should be extended to include to the full set of symmetries—
diffeomorphisms and (B′′, b′′, a′′)-gauge transformations. Geometrically the gauge transformations
can be interpreted as a change in splitting of the bundle E ∼= TM ⊕R⊕R⊕ T ∗M . Geometry on
the bundle E should not be dependent on the choice of splitting.
Remark. Sekiya studied generalised contact structures associated to the trivial line bundle L =
M × R, and noted κ-symmetries [24]. This corresponds to (b, a)-transformations for globally
defined forms not subject to periodicity constraints. This clarifies the geometric origin of Sekiya’s
κ-symmetries. The (b, a)-transformations correspond to a choice of connection for the circle/line-
bundle P →M . The non-abelian composition law for B, with (b, a), reflects the fact that there is
choice in which order one splits the sequences.
4. Generalised contact structures
This section describes the mixed pair description of generalised contact structures, the odd-
dimensional analogue of the pure spinor description in generalised complex geometry. Aldi and
Grandini gave a proposal for mixed pairs which were compatible with B-transformations, but not
the full set of (B, b, a)-transformations, so do not incorporate non-coorientable structures.
There is a Clifford action of sections (X, f, g, ξ) ∈ Γ(TM,R,R, T ∗M) on pairs of differential
forms (ϕ, ψ) ∈ Ω•(M), given by
(X, f, g, ξ) · (ϕ, ψ) = ((X, ξ) · ϕ+ fϕ, gϕ− (X, ξ) · ψ), (4.1)
where (X, ξ) · ϕ = ιXϕ+ ξ ∧ ϕ, is the Clifford product on TM . This product satisfies
(X, f, g, ξ)2 · (ϕ, ψ) = (ιXξ + fg)(ϕ, ψ) = 〈(X, f, g, ξ), (X, f, g, ξ)〉(ϕ, ψ) := ||(X, f, g, ξ)||2(ϕ, ψ).
It is interesting to consider the annihilator bundles of a pair (ϕ, ψ):
Ann((ϕ, ψ)) := {(X, f, g, ξ) ∈ E ⊗ C : (X, f, g, ξ) · (ϕ, ψ) = 0}.
When f = g = 0, (X, 0, 0, ξ) · (ϕ, ψ) = 0 implies that (X, ξ) · ϕ = 0 and (X, ξ) · ψ = 0, the same
annihilator condition as Section 2. For some pairs (ϕ, ψ), there may be solutions for non-zero f
or g. In this case
fψ = −(X, ξ) · ϕ, gϕ = (X, ξ) · ψ,
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indicating that there exist sections v ∈ TM which relate ϕ and ψ. Pure spinors play an important
role in describing Dirac structures in TM ⊗C, mixed pairs describe the odd-dimensional analogue
of Dirac structures.
Definition 4.1. A contact Dirac structure, on an odd-dimensional manifoldM (m = dim(M)), is
a splitting of E⊗C into isotropic subspaces given by the triple (L, v1, v2), where dimR(L) = m−1,
and v1, v2 ∈ Γ(TM) satisfying
E ⊗ C = L⊕ L¯⊕ Cv1 ⊕ Cv2, L ∩ L¯ = 0.
The pairing (· , ·)M for two pairs of differential forms (ϕi, ψi) (i = 1, 2) is given by
((ϕ1, ψ1), (ϕ2, ψ2))M := (−1)|ϕ1|(α(ϕ1) ∧ ψ2)m−1 + (−1)|ψ1|(α(ψ1) ∧ ϕ2)m−1, (4.2)
where α(dx1 ⊗ dx2 ⊗ · · · ⊗ dxk) = dxk ⊗ dxk−1 ⊗ · · · ⊗ dx1, m = dim(M), |ϕ| = k for ϕ ∈ Ωk(M),
and (· )m−1 is the projection to Ωm−1(M).
Definition 4.2. A Dirac pair (ϕ, ψ) consists of two differential forms ϕ, ψ ∈ Ωev/od(M) ⊗ C,
satisfying
(α(ϕ) ∧ ϕ¯)m−1 6= 0, (α(ψ) ∧ ψ¯)m−1 6=0, ((ϕ, ψ), (ϕ¯, ψ¯))M 6= 0
v1 · ϕ = ψ, v2 · ψ = ϕ,
for some v1, v2 ∈ Γ(TM).
The second condition requires that either ϕ ∈ Ωev(M) ⊗ C and ψ ∈ Ωodd(M) ⊗ C, or ϕ ∈
Ωodd(M)⊗ C and ψ ∈ Ωev(M)⊗ C.
Given two nowhere zero functions f1, f2 ∈ C∞(M) and a Dirac pair (ϕ, ψ), the pair (f1ϕ, f2ψ)
satisfy the non-degeneracy condition, and
v1 · f1ϕ− f2ψ = f2(v′1 · ϕ− ψ) = 0, v2 · f2ψ − f1ϕ = f1(v2 · ψ − ϕ) = 0,
for some v′1 = f2/f1v1 and v2 = f1/f2v2. Thus (ϕ, ψ) and (f1ϕ, f2ψ) describe the same contact
Diract structure (L, v1, v2).
To motivate the definition of generalised contact structures, it is helpful to briefly consider
the relationship between contact structures and symplectic structures. A contact stucture is a
maximally non-integrable codimension-1 hyperplane distribution D ⊂ TM . This can be described
by the line bundle TM/D. Letting η be an TM/D-valued 1-form, the distribution is given by
D = ker(η). The non-integrability condition can be given as η ∧ (dη)m 6= 0, where dim(M) =
2m + 1. Letting ωD = dη, there is a transverse symplectic structure on D. In addition, there is
another symplectic structure associated with the manifold N :=M ×Rt; take α = dt+ η, and set
ωt = d(e
tα). When TM/D is a non-trivial line bundle there is no globally defined contact form η.
It is possible to consider the same construction with S1 →֒ P ′ →M . In this case there is an Atiyah
algebroid structure and the contact structure can be associated with an S1-invariant reduction.
In the non-trivial case η is no longer globally defined but is part of a (B, b, a)-transformation with
B = 0, a = b = η with H3 = 0, H2 = F = dη.
The ability to construct two symplectic structures from a contact structure is the guiding
principle of generalised contact structures. A generalised contact structure should be able to be
viewed as a (possibly non-trivial) S1-reduction of a generalised complex structure (see Examples
4.1 and 4.2). In addition, the definition should be compatible with (B, b, a)-transformations.
GENERALISED CONTACT GEOMETRY 11
Remark. Contact structures are usually associated to symplectic structures via line bundles TM/D,
and N = M × R. Throughout this note S1-bundles will be considered primarily. The motivation
for this is the fact that [H2/2π], [F/2π] ∈ H2(M ;Z) have a nice interpretation in terms of gerbes,
as outlined in Section 3. The corresponding Courant algebroid description applicable to non-trivial
line bundles was given by Vitagliano and Wade [29], and is briefly described in Section 7.
Generalised contact structures have been studied in a number of papers [19, 23, 1]. However,
the (b, a)-twists (which allow the description of non-coorientable structures when H2, F 6= 0) have
received little attention.
Definition 4.3 ([24]). A Sekiya quadruple on an odd-dimensional manifold M is given by the
quadruple (Φ, e1, e2, λ) ∈ (End(TM),Γ(TM),Γ(TM), C∞(M)), satisfying the following conditions:
〈e1, e1〉 =0 = 〈e2, e2〉, 〈e1, e2〉 = 1
2
; (4.3a)
Φ∗ =− Φ; (4.3b)
Φ(e1) =λe1, Φ(e2) = −λe2; (4.3c)
Φ2(v) =− v + 2(1 + λ2)(〈v, e2〉e1 + 〈v, e1〉e2), for v ∈ Γ(TM). (4.3d)
Generalised contact structures coming from Sekiya quadruples with λ = 0 have been well
studied, and are often referred to as Poon-Wade triples [23]. The importance of considering
λ 6= 0 is the inclusion of the (b, a)-symmetries, which should be considered on an equal footing to
B-transformations, and a fundamental part of the theory.
Definition 4.4. Let M be an odd-dimensional manifold of dimension m. A generalised almost
contact structure is a quadruple (L, e1, e2, λ), where L ⊂ TM ⊗C is a maximal isotropic subspace
dimR(L) = m− 1, and e1, e2 ∈ Γ(TM), satisfy
〈e1, e1〉 = 0, 〈e2, e2〉 = 0, 〈e1, e2〉 = 1/2.
A Sekiya quadruple can be associated to a generalised almost contact structure: Let L represent
the +i-eigenbundle of Φ, and e1, e2 specify the ±λ eigenbundles respectively.
It is clear that the pairs (e1, e2, λ) and (e2, e1,−λ) describe the same generalised almost contact
structure. In particular if λ = 0, dim(ker(Φ)) = 2, and there is a O(1, 1) freedom in the choice of
e1, e2.
A generalised almost contact structure on M can be constructed from an S1-invariant gener-
alised almost contact structure on a principal circle bundle P (M,π,U(1)). Consider a principal
bundle P (M,π,U(1)) over an odd-dimensional manifold M . Let U = {Uα} denote a good cover
of M , and π−1(Uα) = Uα× S1 a cover for P . Take local coordinates (x, tα), x ∈ Uα ∩Uβ , tα ∈ S1.
We have two set of coordinates on π−1(Uα∩Uβ) (x, tα) and (x, tβ). The coordinates are related by
tα = gαβtβ, where gαβ ∈ U(1) are transition functions. Choose an S1-invariant connection A, given
locally by Aα = dtα + A(x), where A ∈ Ω1(M), and on x ∈ Uαβ Aα = Aβ − id log gαβ. Assume
that there is an S1-invariant generalised almost complex structure Jinv ∈ End(TP ). A choice of
connection induces a decomposition of S1-invariant sections Γ(TP ) = Γ(TM)⊕C∞(M)⊕C∞(M),
with a section v + ξ + f∂t + gA, for v ∈ Γ(TM), f, g ∈ C∞(M), and ξ ∈ Γ(T ∗M). This gives the
decomposition:
Jinv =

 Φ µe1 µe2−2µ〈e2, ·〉 −λ 0
−2µ〈e1, ·〉 0 λ

 , (4.4)
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where Φ ∈ End(TM), µ = √1 + λ2, λ ∈ C∞(M), e1, e2 ∈ TM . The properties of a Sekiya
quadruple (Φ, e1, e2, λ) follow from J 2inv = −id and J ∗inv = −Jinv. The clutching construction
for global sections (X, f, g, ξ) involve transition functions gαβ ∈ U(1). The global sections can
be viewed as a (B, b, a)-transformation with B = b = 0, a = A, and twists H3 = H2 = 0,
and F = dA. The choice of transition functions gαβ are not unique: the choice gαβ can be
replaced with g′αβ = hαγgγδh
−1
δβ , for hαβ ∈ U(1), describing the same bundle. Replacing gαβ with
g′αβ corresponds to q (0, 0, a)-gauge transformation, describing the decomposition with respect a
connection A′ = A+ a, with da = 0.
Definition 4.5 ([1]). A mixed pair (ϕ, ψ, e1, e2) consists of two polyforms ϕ, ψ ∈ Ωev/od(M)⊗C,
and s choice of two sections e1, e2 ∈ Γ(TM) satisfying
(ϕ, ϕ¯)m−1 6= 0, (ψ, ψ¯)m−1 6=0, ((ϕ, ψ), (ϕ¯, ψ¯))m−1 6= 0 (4.5a)
e1 · ψ = 0, µe1 · ϕ = (1 + iλ)ψ, e2 · ϕ = 0, µe2 · ψ = (1 − iλ)ϕ, (4.5b)
where µ =
√
1 + λ2, λ ∈ C∞(M).
Remark. The definition of mixed pair given here differs slightly from that given in [1], which is
valid for λ = 0 only.
Given a nowhere zero function f ∈ C∞(M), the pair (fϕ, fψ) satisfies the equations (4.5) for
fixed (e1, e2, λ).
A generalised almost contact structure can be described using a mixed pair. Given an almost
contact structure (L, e1, e2, λ), the identifications Ann(ψ) = L ⊕ Ce1, and Ann(ϕ) = L ⊕ Ce2,
allow L to be recovered as the intersection of the annihilator bundles of (ϕ, ψ).
There is a local correspondence between generalised almost contact structures (L, e1, e2, λ) and
a conformal class of mixed pairs (ϕ, ψ).
The definition of mixed pairs is motivated by the decomposition of a pure spinor, ρJ (associated
to an S1-invariant generalised complex structure Jinv on M × S1 see [1]), into a mixed pair
(ϕ, ψ) associated to a Sekiya quadruple on M : ρJ → ϕ + idt ∧ ψ. The pure spinor condition
(ϕJ , ϕ¯J )M×S1 6= 0 gives (4.5a). Note that J |S1(vj) = ivj (j = 1, 2) for v1 = (µe1, i − λ, 0),
v2 = (µe2, 0, i+ λ). This implies that vj · ϕ|S1 = 0, and gives (4.5b).
Definition 4.6. A mixed pair (ϕ, ψ) is (H3, H2, F )-involutive if there exists a V = (X, f, g, ξ) ∈
Γ(E) such that
dH3,H2,F (ϕ, ψ) = V · (ϕ, ψ), (4.6)
where
dH3,H2,F (ϕ, ψ) :=(dϕ+H3 ∧ ϕ+ F ∧ ψ,H2 ∧ ϕ− dψ −H3 ∧ ψ),
V · (ϕ, ψ) =(X, f, g, ξ) · (ϕ, ψ) := (ιXϕ+ ξ ∧ ϕ+ fψ, gϕ− ιXψ − ξ ∧ ψ),
and (H3, H2, F ) satisfy the Maurer-Cartan equations (3.2).
Given a non-zero function h ∈ C∞(M), and mixed pair (ϕ, ψ, e1, e2) satisfying dH3,H2,F (ϕ, ψ) =
V · (ϕ, ψ), the choice (hϕ, hψ, e1, e2) satisfies
dH3,H2,F (hϕ, hψ) = V
′ · (hϕ, hψ), V ′ = (X, f, g, ξ − h−1dh).
Thus the (H3, H2, F )-involutive property is not dependent on the choice of (ϕ, ψ) chosen to rep-
resent the almost contact structure (L, e1, e2, λ).
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Definition 4.7. A (H2, H2, F )-generalised contact structure (L, e1, e2, λ) is a generalised almost
contact structure (L, e1, e2, λ) where all associated mixed pairs (ϕ, ψ, e1, e2) are (H3, H2, F )-
involutive.
Let us briefly recall the Clifford product on U ⊂ ∧•T ∗M ⊗C on the generalised tangent bundle
TM :
(X, ξ) · ρ = ιXρ+ ξ ∧ ρ, (X, ξ)· : ∧ev/oddT ∗M ⊗ C→ ∧odd/evT ∗M ⊗ C,
for (X, ξ) ∈ Γ(TM) ⊕ Γ(T ∗M), and ρ = U ⊂ ∧•T ∗M ⊗ C. By Clifford multiplication by U ,
we obtain filtrations of the even and odd exterior forms (here 2n is the real dimension of the
manifold):
U =U0 < U2 < · · · < U2n = ∧ev/oddT ∗ ⊗ C,
L∗ · U =U1 < U3 < · · · < U2n−1 = ∧odd/evT ∗ ⊗ C,
where ev/odd is chosen according to the parity of U itself, and Uk is defined as CL
k · U , where
CLk is spanned by products of not more than k elements of TM [16]. Note that, using the inner
product, we have the canonical isomorphism L∗ = ((T ⊕ T ∗) ⊗ C)/L, and so U1 is isomorphic
to L∗ ⊗ U0. Theorem 3.38 of [16] shows that an almost Dirac structure defined by Ann(ρ) is
Courant involutive iff d(C∞(U0)) ⊂ C∞(U1), which is equivalent to dρ = ιXρ + ξ ∧ ρ for some
(X, ξ) ∈ (Γ(TM),Γ(T ∗M)).
A similar statement holds in the almost contact case. Consider a mixed pair (ϕ, ψ). The
definition requires that (ϕ, ψ) ∈ (∧ev/oddT ∗M ⊗ C,∧odd/evT ∗M ⊗ C).
(X, f, g, ξ) · (ϕ, ψ) = (ιXϕ+ ξ ∧ ϕ+ fψ, gϕ− ιXψ − ξ ∧ ψ),
(X, f, g, ξ)· : (∧ev/oddT ∗M ⊗ C,∧odd/evT ∗M ⊗ C)→ (∧odd/evT ∗M ⊗ C,∧ev/oddT ∗M ⊗ C).
This gives a filtration on pairs (ϕ, ψ):
V =V0 < V2 < · · · < Vm+1 = (∧ev/oddT ∗ ⊗ C,∧odd/evT ∗ ⊗ C),
L∗ · V =V1 < V3 < · · · < Vm = (∧odd/evT ∗ ⊗ C,∧ev/oddT ∗ ⊗ C),
where dim(M) = m is odd-dimensional and ϕ, ψ are being viewed as pure spinors on a local
trivialisation of M × S1.
Theorem 4.8. The annihilator bundle Ann(ϕ, ψ) of a (H3, H2, F )-involutive pair (ϕ, ψ) is invo-
lutive under the (H3, H2, F )-contact Courant algebroid.
Proof. Let (L, e1, e2, λ) be the generalised almost contact structure, and let (ϕ, ψ) be a trivializa-
tion of representative of (L, e1, e2, λ) over some open set.
We show below that
X1 ◦H3,H2,F X2 · (ϕ, ψ) = −X2 · X1 · dH3,H2,F (ϕ, ψ),
for any sections X1,X2 ∈ Ann(ϕ, ψ). Hence Ann(ϕ, ψ) is involutive if and only if X1 · X2 ·
dH3,H2,F (ϕ, ψ) = 0, ∀X1,X2 ∈ Ann(ϕ, ψ), which is true if and only if dH3,H2,F (ϕ, ψ) is in C∞(V1),
as elements of Vk are precisely those which are annihilated by k + 1 elements in Ann(ϕ, ψ).
Consider a section (X, f, g, ξ) = X ∈ Ann(ϕ, ψ), which satisfies
(X, f, g, ξ) · (ϕ, ψ) = (ιXϕ+ ξ ∧ ϕ+ fψ, gϕ− ιXψ − ξ ∧ ψ) = 0.
Rearranging we have ιXϕ = −ξ ∧ ϕ− fψ, ιXψ = gϕ− ξ ∧ ψ.
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ι[X1,X2]ϕ =[LX1 , ιX2 ]ϕ = LX1ιX2ϕ− ιX2dιX1ϕ− ιX2 ιX1dϕ
=LX1 (−ξ2 ∧ ϕ− f2ψ)− ιX2d(−ξ1 ∧ ϕ− f1ψ)− ιX2ιX1dϕ
=− LX1ξ2 ∧ ϕ− ξ2 ∧ d(−ξ1 ∧ ϕ− f1 ∧ ψ)− ξ2 ∧ ιX1dϕ− (LX1f2)ψ − f2LX1ψ
− ιX2(−dξ1 ∧ ϕ+ ξ1 ∧ dϕ− df1 ∧ ψ − f1dψ)− ιX2ιX1dϕ
=(−LX1ξ2 + ιX2dξ1 + ξ2 ∧ dξ1) ∧ ϕ− ξ2 ∧ (ιX1 + ξ1∧)dϕ
+ (ξ2 ∧ df1 − ιX1df2 + ιX2df1) ∧ ψ + f1ξ2 ∧ dψ − f2d(g1ϕ− ξ1 ∧ ψ)− f2d(g1ϕ− ξ1 ∧ ψ)
− ιX2(ξ1 ∧ dϕ+ ιX1dϕ)− df1 ∧ (g2ϕ− ξ2 ∧ ψ) + f1ιX2dψ
=− (LX1ξ2 − ιX2dξ1 + g2df1 − f2dg1) ∧ ϕ− (ιX1df2 − ιX2df1) ∧ ψ
+ f1(ιX2 + ξ2∧)dψ + f2(ξ1 ∧ dψ + g1dϕ)
− (ιX2 + ξ2) ∧ (ιX1 + ξ1∧)dϕ.
A similar calculation holds for ι[X1,X2]ψ. Combining the results gives
ιX1◦X2(ϕ, ψ) =
(− (ιX2 + ξ2∧)(ιX1 + ξ1∧)dϕ− f2g1dϕ− f2(ιX1 + ξ1∧)dψ + f1(ιX2 + ξ2∧)dψ,
(ιX2 + ξ2∧)(ιX1 + ξ1∧)dψ + g2f1dψ + g1(ιX2 + ξ2∧)dϕ− g2(ιX1 + ξ1∧)dϕ
)
=− (X2, f2, g2, ξ2) · ((ιX1 + ξ1∧)dϕ − f1dψ, g1dϕ+ (ιX1 + ξ1∧)dψ)
=− (X2, f2, g2, ξ2) · (X1, f1, g1, ξ1) · (dϕ,−dψ) = −X2 · X1 · d(ϕ, ψ).
So the involutive corresponds to an involutive subspace.
A similar argument holds for the twisted case ιX1◦H3,H2,FX2(ϕ, ψ) = −X2 ·X1 ·dH3,H2,F (ϕ, ψ). 
Let us consider a generalised almost contact structure generated by a cosymplectic structure
on M and examine the integrability condition. An almost cosymplectic structure is a pair (θ, η) ∈
(Ω2(M),Ω(M)) satisfying η ∧ θn 6= 0. From standard results in contact geometry, there exists a
Reeb vector field R ∈ Γ(TM) such that ιRη = 1 and ιRθ = 0. A mixed pair (ϕ, ψ, e1, e2) can be
given by
ϕ = eiθ, ψ = η ∧ eiθ, e1 = η, e2 = R.
We have dϕ = idθ ∧ϕ, and dψ = dη ∧ϕ+ idθ ∧ψ. If dθ = dη = 0 (a cosymplectic structure) then
d0,0,0(ϕ, ψ) = 0. If dη = θ (a contact 1-form η) then d0,dη,0(ϕ, ψ) = 0. In fact the pair (θ, η) will
form a (0, dη, 0)-generalised contact structure if dθ = 0. We conclude the following:
• A cosymplectic structure defines a (0, 0, 0)-generalised contact structure.
• A contact 1-form η defines a (0, dη, 0)-generalised contact structure.
It is possible to describe a non-coorientable contact structure arising from a TM/D-valued
1-form η. In the case of a non-trivial line bundle TM/D, η is not globally defined. Local trivi-
alisations ηα and ηβ are related using transition functions gαβ. If the line bundle on a compact
manifold is of the form TM/D ∼= TS1, for an S1-foliation then η satisfies the conditions of a
(0, 0, η)-transformation ((3.4) and (3.5)) with twists (0, 0, dη).
Remark. In [23] an almost generalised structure (defined with e1 ∈ Γ(TM), e2 ∈ Γ(T ∗M), λ = 0)
is called a generalised structure if L⊕Ce1 is involutive. A strong generalised contact structure is
a generalised contact structure where L ⊕ Ce2 is involutive. In [1] a generalised normal contact
structure is a generalised contact structure arising from an invariant generalised complex structure
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J onM×R. In both cases a contact form η with dη 6= 0 does not give a strong generalised contact
structure.
An essential property of the definition of a generalised (almost) contact structure is that it is
compatible with the (B, b, a)-symmetries. The action on a Dirac pair (ϕ, ψ) is:
e(B,b,a)(ϕ, ψ) =
(
e−Bϕ+ ae−Bψ − 1
2
abe−Bϕ, e−Bψ − be−Bϕ− 1
2
bae−Bψ
)
= (ϕ′, ψ′), (4.7)
where ∧ has been omitted. The action preserves the pairing,
(e(B,b,a)(ϕ1, ψ1), e
(B,b,a)(ϕ2, ψ2))M = ((ϕ1, ψ1), (ϕ2, ψ2))M ,
and satisfies
dH′3,H′2,F ′(e
(B,b,a)(ϕ, ψ)) − V ′ · (e(B,b,a)(ϕ, ψ)) = e(B,b,a)(dH3,H2,F (ϕ, ψ) − V · (ϕ, ψ)), (4.8)
where
H ′3 =H3 + dB + a ∧H2 + b ∧ F +
1
2
(da ∧ b+ a ∧ db),
H ′2 =H2 + db, F
′ = F + da, V ′ = e(B,b,a)V.
This shows that given a (H3, H2, F )-involutive mixed pair, (ϕ, ψ), there exists a (H
′
3, H
′
2, F
′)-
involutive Dirac pair e(B,b,a)(ϕ, ψ).
Below two standard examples of generalised contact structures (first appearing in [19] forM×R)
are presented as reductions of generalised complex structures on S1 →֒ P →M .
Example 4.1 (Almost symplectic to almost cosymplectic structure). Let ω ∈ Γ(∧2T ∗P ) be a
symplectic form, where S1 →֒ P → M , and dim(M) = m = 2n + 1. Consider a connection
specified by locally by Aα = dtα +Aα ∈ Ω1(Pα) (π−1(Uα) = Uα × S1 defining a cover of P ), with
curvature F = dA ∈ H2(M,Z). The symplectic form is S1-invariant if it admits the decomposition
ωα = θα +Aα ∧ ηα ∈ Ω2(Pα),
where ω is globally defined, but η is not if the bundle is not trivial, and satisfies the usual cocycle
conditions.
0 6= ωn+1 = (θ +A∧ η)n+1 =
n+1∑
k=0
θn+1−k(A ∧ η)k = (n+ 1)θn ∧ A ∧ η,
giving η ∧ θn 6= 0. From standard results in contact geometry, there exists a Reeb vector field
R ∈ Γ(TM) such that ιRη = 1 and ιRθ = 0. θ is non-degenerate on ker(η), and φ(X) := ιXθ
(X ∈ ker(η)). The generalised complex structure Jω is reduced to a generalised contact structure
(Φ, e1, e2, λ):
Jω =
(
0 −ω−1
ω 0
)
⇒ Φ =
(
0 −θ−1
θ 0
)
, e1 = η, e2 = R, λ = 0,
ρJω = e
iω ⇒ ϕ = eiθ, ψ = η ∧ eiθ,
where Jω is written in the splitting TP ⊕ T ∗P , Φ in the splitting ker(η)⊕ Ann(R), and ρJω is a
pure spinor associated to Jω.
Let us look at the integrability conditions:
dϕ = idθ ∧ ϕ, dψ = dη ∧ ϕ+ idθ ∧ ψ.
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If dθ = 0 then d0,dη,0(ϕ, ψ) = 0. Noting that ω = θ + A ∧ η, dω = dθ + dα ∧ η + A ∧ dη is
not necessarily zero. So a generalised d0,dη,0-contact structure can arise from a pre-symplectic
structure.
Example 4.2 (almost complex to almost contact structure). Consider an almost complex structure
J ∈ End(TP ), on S1 →֒ P → M , where dimM = 2n + 1, and the the S1-bundle specified the
connection A, (with F = dA) given locally by Aα = dtα +Aα ∈ Ω1(Pα). Given local coordinates,
x, forM , and t for S1, the almost complex structure is S1-invariant if there exists the decomposition
JIK∂I ⊗ dxK = (φ′ik −RiAk)∂i ⊗ dxk +Ri∂i ⊗A+ αkκ⊗ dxk.
Letting φ = φ′ −R⊗A, the conditions J∗ = −J and J2 = −1 give
ιRα = 1, Φ(R) = 0 = φ
∗(α), φ2(X) = −X + (ιXα)R.
The generalised almost complex structure JJ reduces to a generalised almost contact structure
(Φ, e1, e2, λ):
JJ =
(
J 0
0 −J∗
)
⇒ Φ =
(
φ 0
0 −φ∗
)
, e1 = α, e2 = R, λ = 0,
ρJ = ΩJ ⇒ ϕ = Ωφ, ψ = α ∧ Ωφ,
where ΩJ ∈ Ω2n+2,0 is the decomposable top form giving the pure spinor describing JJ , and
α ∧ Ωφ := ΩJ .
Let us look at the integrability conditions:
dϕ = dΩφ, dψ = dα ∧ ϕ+ α ∧ dΩφ.
We require that dΩφ = 0. In this case we have d0,dα,0(ϕ, ψ) = 0.
4.1. Deformations of generalised contact structures.
The (B, b, a)-transformations described in Section 2.1, provide deformations of generalised contact
structures. While B-transformations have been studied before, the (b, a)-transformations have
not been incorporated. The K±(κ) (κ ∈ Γ(T ∗M)) symmetries introduced by Sekiya in [24] are
equivalent to the more geometrically natural (b, a)-transformations.
A Sekiya quadruple (Φ, e1, e2, λ), can be deformed to give another Sekiya quadruple (Φ
′, e′1, e
′
2, λ
′):
Φ′(v) =eBΦe−B(v)− 〈v, a〉Φ(b)− 〈v, b〉Φ(a) + 2µ〈v, a〉e1 + 2µ〈v, b〉e2
+ 〈eBΦ(a), v〉b − 2µ〈e1, a〉〈v, a〉b− 2µ〈e2, a〉〈v, b〉b− 2µ〈eBe2, v〉b (4.9a)
+ 〈eBΦ(b), v〉a− 2µ〈e2, b〉〈v, b〉a− 2µ〈e1, b〉〈v, a〉a− 2µ〈eBe1, v〉a.
+ 〈a,Φ(b)〉〈a, v〉b + 〈b,Φ(a)〉〈b, v〉a.
µ′e′1 =µe
Be1 − λ′b+ µ〈e1, b〉a+ µ〈e1, a〉b− eBΦ(b) (4.9b)
µ′e′2 =µe
Be2 + λ
′a+ µ〈e2, a〉b+ µ〈e2, b〉a− eBΦ(a) (4.9c)
λ′ =λ+ 2〈b,Φ(a)〉+ 2µ〈e1, a〉 − 2µ〈e2, b〉 (4.9d)
where v = (X, ξ) ∈ Γ(TM).
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This follows immediately from considering e(B,b,a) transformation on Jinv, via
e(B,b,a)Jinve(−B,−b,−a) =

 Φ
′ µ′e′1 µ
′e′2
−2µ′〈e′2, ·〉 −λ′ 0
−2µ′〈e′1·〉 0 λ′

 ,
where Jinv is the S1-invariant generalised complex structure associated to (Φ, e1, e2, λ) by (4.4),
and noting that e(B,b,a)e(−B,−b,−a)X = X.
Proposition 4.1. The transformation e(B,b,a) given by (3.3) maps a (H3, H2, F )-involutive gen-
eralised contact structure (Φ, e1, e2, λ) to a (H
′
3, H
′
2, F
′)-involutive generalised contact structure
(Φ′, e′1, e
′
2, λ
′) given by (4.9), where
H ′3 = H3 + dB + a ∧H2 + b ∧ F +
1
2
(da ∧ b+ a ∧ db), H ′2 = H2 + db, F ′ = F + da.
Proof. This follows directly from the mixed pair description and the fact that the transformation
e(B,b,a) preserves the pairing and (4.8). 
Example 4.3 (Symmetries). Any generalised almost contact structure gives a family of generalised
almost contact structures using (B, b, a)-transformations. Deforming Example 4.1 gives
ϕ′ =
(
1 + a ∧ η − 1
2
a ∧ b
)
∧ e−B+iθ, ψ′ =
(
η − b− 1
2
b ∧ a ∧ η
)
∧ e−B+iθ
µ′e′1 = e
B ∧ η − λ′b+ ιρ∗(b)θ−1 + ιιρ∗(b)θ−1B
µ′e′2 = R+ ιRB + λ
′a+
1
2
(ιRa)b+
1
2
(ιRb)a+ ιρ(a)θ
−1 + ιιρ(a)θ−1B,
λ′ = ιRb− ιρ∗(b)ιρ∗(a)θ−1,
where ρ∗(a) : T ∗M → Ann(R) is the projection.
Deforming Example 4.2 we get
ϕ′ =
(
1 + a ∧ α− 1
2
a ∧ b
)
∧ e−B ∧ Ωφ, ψ′ =
(
α− b− 1
2
b ∧ a
)
∧ e−B ∧ Ωφ,
µ′e′1 = R+ ιRB − λ′b+
1
2
(ιRb)a+
1
2
(ιRa)b + φ
∗(ρ(b)),
µ′e′2 = α+ λ
′a+ φ∗(ρ(a)),
λ′ = ιRa.
Remark. These examples show that (b, a)-transformations can change λ. The (b, a)-transformation
can be interpreted geometrically as twisting the S1-bundle. The correspondence between a-
transformations and twisting comes from the discussion on page 11. The description on page
8 shows that the splitting of invariant sections of TP and T ∗P correspond to an a-transformation
and a dual, the b-transformation.
Example 4.4 (Products [13]). Let M = M1 ×M2, with projections pri : M → Mi. If (L1, e1, e2)
is a generalised almost contact structure on M1 and L2 is a generalised almost complex structure
on M2, then (pr
∗
1L1 ⊕ pr∗2L2, pr∗1e1, pr∗1e2) is a generalised almost contact structure on M .
There are manifolds which admit generalised contact structures, but not contact structures.
A class of examples come from S1-bundles of nilmanifolds. A nilmanifold is a homogenous space
M = G/Γ, where G is a simply connected nilpotent real Lie group and Γ is a lattice of maximal
rank in G. For the associated generalised complex structures on nilmanifolds, see [8]. The structure
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of a particular nilpotent Lie algebra can be given by specified listing exterior derivatives of the
elements of a Malcev basis, as an n-tuple of two-forms dǫk =
∑
cijk ǫiǫj, (henceforth ∧ is omitted,
so that ǫi ∧ ǫj = ǫiǫj).
Example 4.5 ((0, 0, 12, 13, 14 + 23, 34 + 52) × S1). Specify a 6-dimensional nilmanifold via the
coframe {ǫi}, i = 1, . . . , 6 satisfying:
dǫ1 = 0, dǫ2 = 0, dǫ3 = ǫ1ǫ2, dǫ4 = ǫ1ǫ3, dǫ5 = ǫ1ǫ4 + ǫ2ǫ3, dǫ6 = ǫ3ǫ4 + ǫ5ǫ2.
Let E =M × S1, where M is the nilmanifold specified by (0, 0, 12, 13, 14+ 23, 34 + 52), and S1 is
parameterized by t. The one-form dt gives a flat connection on S1. Define η = π∗dt. Let R = π∗∂t
be the corresponding Reeb vector field:
Ω =ǫ1 + iǫ2,
B =ǫ2ǫ6 − ǫ3ǫ5 + ǫ3ǫ6 − ǫ4ǫ5,
ω = ǫ3ǫ6 + ǫ4ǫ5,
ϕ =eB+iωΩ, ψ = ηeB+iωΩ, e1 = η, e2 = R, λ = 0.
Example 4.6 (S1-bundles on nilmanifolds). There are manifolds which have no symplectic or com-
plex structures, but do have generalised complex structures. In [8] generalised complex structures
are constructed on nilmanifolds which do not admit symplectic, or complex structures. Each of
these examples define a generalised complex structure via a pure spinor ρ = Ω ∧ eB+iω . This
construction can be modified to find generalised contact structures which do not admit contact
structures. Take S1 →֒ E →M . Choose an S1-invariant connection A. Define a vector field R such
that ιRA = 1. Take the generalised complex structure described by the pure spinor ρ = Ω∧eiω+B.
The corresponding mixed pair is
ϕ = eB+iωΩ, ψ = AeB+iωΩ, e1 = A, e2 = κ, λ = 0.
Example 4.7. Consider R5, described using coordinates {t, z1, z2} where z1, z2 are standard coordi-
nates in C2 ∼= R4. A generalised complex structure is defined by the pure spinor ρ = z1 + dz1dz2.
When z1 = 0, ϕ = dz1dz2 defines a standard complex structure, whereas z1 6= 0, ϕ defines a
B-symplectic structure since ρ = z1 exp(dz1dz2/z1). A generalised contact structure is given by
ϕ = z1 + dz1dz2, ψ = dt(z1 + dz1dz2), e1 = dt, e2 = ∂t.
5. Generalised coKa¨hler geometry
Generalised geometric structures are of great interest in string theory, due to the fact that T-
duality is associated to so(T ⊕ T ∗) = End(T )⊕∧2T ∗⊕∧2T . In particular, the generalised metric
incorporates the Riemannian metric, g, and B-field associated with the Neveu-Schwarz flux H , in
the bosonic sector of supergravity. Generalised Ka¨hler structures are equivalent to bi-hermitian
structures and are the most general geometry associated to 2-dimensional target space models
with N = (2, 2) supersymmetry [12].
CoKa¨hler structures are the odd-dimensional counterpart to Ka¨hler structures. The relationship
between Ka¨hler and coKa¨hler structures is described in [21, 3]. Li gave a structure result for
compact coKa¨hler manifolds stating that such a manifold is always a Ka¨hler mapping torus. The
coKa¨hler structure on an odd-dimensional manifold M can be associated to a Ka¨hler structure
on an S1-bundle (using a symplectomorphism) [21]. Further results on coKa¨hler structures were
given in [3].
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Generalised coKa¨hler structures have appeared in the literature before [14]. The definition given
in [14] deals with generalised Ka¨hler structures on M1×M2, and the definition is compatible with
B-transformations. In this note we will consider the case where M2 = S
1, but will not restrict to
product manifolds, instead considering principal circle bundles, and the definition is compatible
with the full (B, b, a)-transformations. Generalised coKa¨hler structures will be presented as S1-
invariant reductions of generalised Ka¨hler structures.
Remark. Generalised Ka¨hler structures play an important role in string theory. In [12] generalised
Ka¨hler structures (written as a bi-Hermitian structures) appear in the study of N = (2, 2) non-
linear sigma models with torsion. The torsion arises from the connections ∇± = ∇LC ± g−1H ,
where ∇LC is the Levi-Civita connection. Abelian T-duality can be carried out when the metric
has an S1-isometry, and the T-duality procedure involves Kaluza-Klein reduction. T-duality is
most interesting when the S1-isometry corresponds to a topologically non-trivial S1-bundle. In
this case there is an interesting relationship between topology and H-flux [6, 7]. The study of
S1-reductions of generalised Ka¨hler structures is interesting in this context.
5.1. Generalised metric structure. The inner product (3.1b) is non-degenerate and a gener-
alised contact metric can be constructed using maximally isotropic subspaces
G(X1,X2) = 〈X1,X2〉|C+ − 〈X1,X2〉|C− ,
for X1,X2 ∈ Γ(E) ∼= Γ(TM)⊕C∞(M)⊕C∞(M)⊕Γ(T ∗M), as in the case of generalised geometry
on TM , see Section 2.2. In this case we have
C± = {(X, f, g, ξ) ∈ Γ(E) : g = ±fh2, ξ = ±g(X, ·)} (5.1)
for some h ∈ C∞(M). This satisfies
〈(X, f,±fh2,±g(X, ·)), (X, f,±fh2,±g(X, ·))〉 = ±g(X,X)± f2h2,
verifying that C± describe the maximal positive/negative definite subbundles.
As 〈·, ·〉 is invariant under (B, b, a)-transformations, the subbundles C± defining a generalised
metric G can be transformed to e(B,b,a)C± defining a generalised metric G′ = e(B,b,a)Ge−(B,b,a).
The maximal subspaces are given by
C± = {(X, ξ, f, g) :ξ = g(X, ·) +B(X, ·)− fb− fh2a− 2〈X, b〉a, (5.2)
g = fh2 + 2〈X, b〉+ 2h2〈X, a〉+ 〈X, b〉〈X, a〉}.
All subspaces C± can be described in the form (5.2) for some choice of (g, h, B, b, a).
Definition 5.1. A generalised coKa¨hler structure on an odd-dimensional manifold M , consists of
two generalised (H3, H2, F )-contact structures (L1, e
(1)
1 , e
(1)
2 , λ1) and (L2, e
(2)
2 , e
(2)
2 , λ2) whose as-
sociated Sekiya quadruples J1 = {Φ1, e(1)1 , e(1)2 , λ1} and J2 = {Φ2, e(2)1 , e(2)2 , λ2} give a generalised
Ka¨hler structure.
The commuting condition J1J2 = J2J1 places the following restrictions on the Sekiya quadru-
ples (Φ1, e
(1)
1 , e
(1)
2 , λ1), and (Φ2, e
(2)
1 , e
(2)
2 , λ2), satisfying:
Ce
(1)
1 ⊕ Ce(1)2 =Ce(2)1 ⊕ Ce(2)2 := E ;
Φ1Φ2(v) =Φ2Φ1(v) ∀v ∈ E⊥
e
(1)
1 = e
(2)
1 , e
(1)
2 = e
(2)
2 , when λ1 = λ2 or e
(1)
1 = e
(2)
2 , e
(1)
2 = e
(2)
1 , ∀λ1, λ2 ∈ R.
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Remark. If λ1 = λ2 = 0 then there is a O(1, 1)-freedom in the description, and e
(1)
1 = e
(2)
2 , and
e
(1)
2 = e
(2)
1 can be chosen.
Example 5.1 (coKa¨hler). A coKa¨hler structure on an odd-dimensional manifold M , is given by
the quadruple (J,R, η, g), where (J,R, η) is an almost contact structure and g is a Riemannian
metric satisfying g(JX, JY ) = g(X,Y ) − η(X)η(Y ) for all X,Y ∈ Γ(TM), and the integrability
conditions [J, J ] = 0, dω = dη = 0, where ω(X,Y ) := g(JX, Y ) ∈ Ω2(M). This defines a
generalised coKa¨hler structure with (λ = H3 = H2 = F = 0):
ϕ1 = e
iω , ψ1 = η ∧ eiω, e(1)1 = η, e(1)2 = R, ϕ2 = ΩJ , ψ2 = η ∧ΩJ , e(1)1 = η, e(1)2 = R.
Example 5.2 (Generalised Ka¨hler to generalised coKahler). Consider the reduction of a generalised
Ka¨hler structure to produce a generalised coKa¨hler structure. It was shown in Example 4.1
(Example 4.2) that the reduction of a symplectic (complex) structure (over the same S1-bundle)
gives
Jω inv =


0 −ω−1 0 η
ω 0 R 0
0 −2〈η, ·〉 0 0
−2〈R, ·〉 0 0 0

 , JΩinv =


−J 0 −R 0
0 J∗ 0 η
2〈R, ·〉 0 0 0
0 −2〈η, ·〉 0 0

 ,
where ω and J are non-degenerate on D. The condition that −Jω invJΩinv = G for
G =


0 g−1 0 0
g 0 0 0
0 0 0 1
0 0 1 0

 ,
requires that ω(JX, Y ) = g(X,Y ), giving a transverse Ka¨hler structure, 〈R, η〉 = 12 , 〈R,R〉 = 0 =
〈η, η〉.
The almost generalised complex structures Jωinv and JΩinv will define a generalised coKa¨hler
structure when H2 = dα = dη (see Examples 4.1 and 4.2 for notation).
Example 5.3 (Twisted generalised coKa¨hler). It is clear from Example 5.2 that the reduction of a
generalised Ka¨hler structure can produce a generalised coKa¨hler structure. It is possible to deform
any generalised coKa¨hler structure (Jω inv,JΩinv,G) to get another:
(e(B,b,a)JΩinve−(B,b,a), e(B,b,a)Jω inve−(B,b,a), e(B,b,a)Ge−(B,b,a)).
Definition 5.2. A generalised almost coKa¨hler-Einstein structure on an odd-dimensional manifold
M (with m = dim(M)) is described by two mixed pairs (ϕ1, ψ1) and (ϕ2, ψ2) satisfying
((ϕ1, ψ1), (ϕ¯1, ψ¯1))M = c((ϕ2, ψ2), (ϕ¯2, ψ¯2))M ,
where c ∈ R can be scaled to +1 or −1 by scaling (ϕ1, ψ1). A generalised almost coKa¨hler-Einstein
structure is an generalised coKa¨hler-Einstein structure if (ϕ1, ψ1, e1, e2) and (ϕ2, ψ2, e1, e2) are
generalised (H3, H2, F )-contact structures.
Example 5.4 (S1-invariant generalised Calabi-Yau). Let N = M × S1 be an even dimensional
manifold with an S1-invariant generalised Calabi-Yau structure (ρ1, ρ2). The decompositions ρj =
ϕj+idtψj (j = 1, 2) defines a generalised coKa¨hler-Einstein structure: (ϕ1, ψ1, e
(1)
1 = ∂t, e
(1)
2 = dt)
and (ϕ2, ψ2, e
(1)
1 = ∂t, e
(1)
2 = dt), where λ = H3 = H2 = F = 0.
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Example 5.5 (coKa¨hler-Einstein). A coKa¨hler-Einstein structure on an odd-dimensional mani-
fold M , is a Ricci-flat coKa¨hler structure. A coKa¨hler structure has an associated cosymplectic
structure (η, θ). Consider N = M × S1, with S1 parameterised by t, and pr1(N) = M . Let
ω = dt∧pr∗1η+pr∗1θ, and gN = pr∗1g+(dt)2. This defines a Calabi-Yau structure on N . A Calabi-
Yau structure defines a generalised Calabi-Yau structure (Example 2.6). Using the reduction
procedure (Example 5.4) we get a generalised (0, 0, 0)-coKa¨hler-Einstein structure.
Example 5.6. A (B, b, a)-transformation maps an involutive mixed pair to another involutive
mixed pair, preserving the length. It follows that a generalised coKa¨hler(-Einstein) structure,
((ϕ1, ψ1), (ϕ2, ψ2)), is mapped to another coKa¨hler(-Einstein) structure by a (B, b, a)-transformation,
((e(B,b,a)ϕ1, e
(B,b,a)ψ1), (e
(B,b,a)ϕ2, e
(B,b,a)ψ2)). A generalised (H3, H2, F )-contact structure is mapped
to generalised (H3 + dB,H2 + db, F + da)-contact structure.
6. T-duality
T-duality provides an isomorphism between between Courant algebroids defined on two torus
bundles Tk →֒ E → M and T˜k →֒ E˜ → M . The topological aspects are described in [6, 7], and
the isomorphism of Courant algebroid structures in [9]. The situation is described by the following
diagram:
(E ×M E˜, p∗H − p˜∗H˜)
p
tt✐✐✐
✐✐
✐✐
✐✐
✐✐
✐✐
✐✐
✐✐
✐
p˜
**❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯
e1 ◦H e2 (Tk →֒ E →M,H)
pi
**❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
(T˜k →֒ E˜ →M, H˜) e˜1 ◦H˜ e˜2
p˜i
tt❤❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤
M
E and E˜ are T-dual if p∗H − p˜∗H˜ = dF , for some T 2k-invariant 2-form on the correspondence
space F ∈ Ω2(E ×M E˜), such that F : tkE ⊗ tkE˜ → R is non-degenerate. These conditions place
restraints on H . H is admissible if it satisfies [9]:
H(X,Y, · ) = 0, ∀X,Y ∈ tkE ∈ E.
The requirement that H is admissible ensures that the T-dual bundle E˜ is in fact a torus fibration.
If H is not admissible the T-dual is a non-commutative space [22], and cannot be described by
generalised geometry.
The T-duality map τF : (Ω
•
Tk
(M), dH)→ (Ω•
T˜k
(M˜), dH˜), is given by the formula
τF (ϕ+ iAψ) =
∫
Tk
eFp∗(ϕ+ iAψ),
where (ϕ, ψ) is a mixed pair, F = −AA˜, and A, A˜, denote the connections specifying the tori
Tk and T˜k respectively. The map τF can be seen as the combination of a pullback from E to the
correspondence space E ×M E˜, a B-transformation eF , and then the pushforward to E˜. This can
be viewed as a type of geometric Fourier transform.
The description of T-duality for generalised (almost) contact structures on the trivial bundle
E = M × R is given in [1].
Given the interpretation of generalised contact structures as S1-reduced generalised complex
structures, Tk-duality of generalised contact structures is Tk+1-duality of the corresponding gener-
alised complex structure. In [9], T-duality for circle bundle is considered as an example. The killing
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vector generates a S1-foliation, and considering S1-invariant fields, the Courant bracket (2.5a) is
reduced to (3.1a). T-duality corresponds to the interchange F, f ↔ H2, g. Contact geometry
corresponds to an extra S1-invariant reduction, but not the interchange and pushforward.
In [1] T-duality in the cone direction, t, is considered. In this case the mixed pair (ϕ, ψ) is
mapped to the mixed pair (ψ, ϕ). A b-transformation is interpreted as a change in connection, and
hence fibering for the S1-bundle defining the generalised contact structure. An a-transformation
corresponds to a choice of connection in the T-dual direction.
Proposition 6.1. T-duality maps a generalised coKa¨hler(-Einstein) structure to another gener-
alised coKa¨hler(-Einstein) structure.
Proof. T-duality preserves the pairing, and maps a mixed pair to another mixed pair. 
7. Contact line bundles vs reduction
It has recently been shown that generalised contact geometry has a conceptually nice description
as generalised geometry on the generalised derivation bundle DL ∼= DL⊕J1L, for a (possibly non-
trivial) line bundle L [28, 29]. This Section briefly outlines the description, and relates this to the
current note. In particular a generalised contact structure viewed as a reduced generalised complex
structure, J |S1 , is the S1-bundle version of the generalised complex structure I ∈ End(DL), and
a mixed pair (ϕ, ψ) are associated to a pure spinor ̟ ∈ Γ(∧•J1L,L).
Many interesting examples of contact structures are in fact non-coorientable, that is they are
not defined by a globally defined contact one-form. Instead contact structures are determined by a
line bundle L = TM/D, as described in Section 4. It is of interest to have a formalism that allows
the description of non-trivial line bundles, which additionally makes the symmetries explicit.
The description of generalised contact bundles is given via the Atiyah (or gauge) algebroid,
defined on DL = DL ⊕ J1L, where sections of DL are derivations of L, and J1L is the first jet
bundle of L. A derivation∇ ∈ DE has a unique symbol σ : DE → TM such that, for f ∈ C∞(M),
λ ∈ Γ(E),
∇(fλ) = (σ∇)(f)λ + f∇λ = X(f)λ+ f∇λ,
where X = σ(∇). This makes it clear that DE is part of the exact sequence
0 // gl(E) // DE
σ // TM // 0 .
There is a natural Lie algebroid structure associated with DE, with the Lie bracket given by the
commutator of derivations, and the anchor given by σ. In the case of a line bundle the induced
map on sections gives:
0 // Γ(gl(L)) ∼= C∞(M) // Γ(DL) σ // Γ(TM) // 0 , (7.1)
giving Γ(DL) ∼= Γ(TM) ⊕ C∞(M). Sections (X, f) ∈ (Γ(TM), C∞(M)) are the line bundle
version of the S1-invariant sections of TP for S1 →֒ P →M .
The 1-jet bundle J1E can be defined, at a point p ∈M , by the equivalence relation in Γ(E):
e1 ∼ e2 ↔ e1(p) = e2(p), d〈e1, ζ〉 = d〈e2, ζ〉, ∀ζ ∈ Γ(E∗).
There exists p : J1E → E, such that ker(p) ∼= Hom(TM,E), giving
0 // Hom(TM,E) // J1E
p
// E // 0 .
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In the case of a line bundle the induced map on sections gives:
0 // Γ(Hom(TM,L)) ∼= Γ(T ∗M) // Γ(J1L) // Γ(L) ∼= C∞(M) // 0 , (7.2)
giving Γ(J1L) ∼= Γ(T ∗M) ⊕ C∞(M). Sections (ξ, g) ∈ (Γ(T ∗M), C∞(M)) are the line bundle
version of the S1-invariant sections of T ∗P .
It is shown in [10] that DE is E-dual to J1E, there is a non-degenerate E-valued pairing
〈·, ·〉E : DE × J1E → E. For sections ∇ ∈ Γ(DE) and χ =
∑
fj1e ∈ Γ(J1E) the pairing is given
by 〈∇, χ〉E =
∑
f∇(e). The pairing between DE and J1E has a geometric interpretation, 〈∇, χ〉
can be viewed as the covariant derivation of χ with respect to ∇.
Given the E-valued pairing between DE and J1E, there is a natural E-Courant (more specifi-
cally an omni-Lie) algebroid defined on the generalised derivation bundle DE given by:
0 // J1E // DE
ρ
// DE // 0 .
The definition and properties of omni-Lie and E-Courant algebroids can be found in [10], and [11],
respectively. The E-Courant algebroid can be viewed as a derived bracket for the differential dDE
acting on the complex ΩkE := Γ(∧kJ1E,E):
dDE̟(∇0,∇2, . . . ,∇k) =
k∑
i=0
(−1)i∇i(̟(∇0, . . . , ∇ˆi, . . . ,∇k))
+
∑
i<j
(−1)i+j̟([∇i,∇j ],∇0, . . . , ∇ˆi, . . . , ∇ˆj , . . . ,∇k),
for ∇i ∈ Γ(DE), ̟ ∈ ΩkE , where ·ˆ denotes omission. The action of L∇̟ := dDEι∇̟ + ι∇dDE̟,
gives a Lie derivative on Γ(∧•J1E,E), satisfying an analogue of the Cartan relations.
From this construction the omni-Lie algebroid on a line bundle L→M is given as:
(∇1, ψ1) ◦L (∇2, ψ2) =
(
[∇1,∇2],L∇1ψ2 − ι∇2dDLψ1
)
; (7.3a)
〈〈(∇1, ψ1), (∇2, ψ2)〉〉 =〈∇1, ψ2〉L + 〈∇2, ψ1〉L; (7.3b)
ρ(∇, ψ) =∇, (7.3c)
for ∇ ∈ Γ(DL), ψ ∈ Γ(J1L). The bracket (7.3a) can be identified with (3.1a) with H3 = 0. In
the case of a trivial line bundle H2 = F = 0 has already been noted [28]. If the line bundle is
non-trivial then F = H2 is given by the curvature of a connection specifying the bundle.
Having identified the Courant algebroids (7.3a) with (3.1a), the identification of generalised
contact structures as generalised complex structures is straightforward. The generalised complex
structure J |S1 ∈ End(TP ⊕ T ∗P ) can be identified with I ∈ End(DL), satisfying I2 = −id, and
I∗ = −I, by splitting the sequences (7.1) and (7.2). The generalised complex structure I is
identified with a Dirac structure LI ⊂ DL, and described by a pure spinor ̟ ∈ Γ(∧•J1L,L). A
choice of decomposition Γ(J1L) = C∞(M)⊕Γ(T ∗M) coming from (7.2), induces a decomposition
̟ ∈ Γ(∧•J1L,L) into a mixed pair (ϕ, ψ) ∈ Γ(∧•T ∗M,∧•−1T ∗M).
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